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011 the basis oj an analysis oj conditions for heterogeneous equilibrium 
and relationships Jor free Gibbs phase energy, a procedure for the calcida­
tion oj phase diagram citrves is suggested. The calculation is based on 
a model oj regular behaviour oj binary ionic substances, and makes use 
oj equilibrial conditions at the invariant point oj the system. The indivi­
dua[ calc-ulation procedure phases are illitstrated on the system PbO -PbF 2• 

INTR ODUCTION 

umerou technological problems require the knowledge of the approximate 
course of binary phase diagrams. In the case of oxides there are roughly 
5000 binary } stems, but approximate shapes of phase diagrams are available 
for only one tenth of this number [l]. The phase diagrams of the remaining 
systems are unknown and their direct experimental determination is a matter 
rather exacting from the standpoint of laboratory equipment and time. 
Attention is therefore continuously paid to efforts aimed at utilizing the 
knowledge of physical chemistry laws as a basis for direct calculation of phase 
diaaram cmTe . 

The relationship between the phase diagram curve and the condition of 
heterogeneou equilibrium and the concentration relations of the free Gibbs 
energy of the phases involved has been described in physical chemistry text­
book [2], [3]. These relationships can be utilized for graphic construction of 
pba e diagram curves which, however, is time-consuming and inaccurate. 
In connection '1íith the introduction of computers the relations have become 
more susceptible to numerical calculation and literature deals with a number 
of tudies [4], [5] describing computation of phase diagrams from thermo­
dynamical data of the phases involved. However, this has not solved the 
problem of determi1iing phase diagram curves of systems which have not been 

*) The present study is basecl on a paper read by the author in a seminary of the 
Scien ific Technological Society held in Prague in 1973 on the subject of "Chemistry and 
Physi - of Crystals," and inclucles some. results óf an unpublished study by P. Holba 

. and 11. XevÍ'iva. 
**) Present adre· : Institute of Inorganic Chemistry, Czechoslovak Academy of Sci-

ences. 250 68 Ř-ež u Prahy. 
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studied experimentally. It appears that detailed thermodynamic data are 
frequently less available than the phase diagrams proper. For this reason it is 
necessary to seek a more general approach which would allow to make use of 
the available, even though heterogeneous information on the system for the 
determination of an approximate shape of the phase diagram. 

Data· on the temperatures of invariant points belong among the most 
readily available informations on a system. 

The present study had the aim to suggest a rational procedure for the 
calculation of an approximate· shape of phase diagram curves from the data 
on invariant points; the method should be applicable for binary ceramic 
systems. 

HETEROGENEOUS EQUILIBRIUM AND MOLAR FREE ENERGY 

The condit ion for a heterogeneous  e q uil ibrium 

The curves of binary phase diagrams, temperature T vs. chemical compo­
sition (x), are boundaries of zanes in which the requirement for min.imum free 
energy of the system results in the formation of two phases. For an equilibrium 
co-existence of two phases cp and '1/J in a two-component system A-B, there 
applies the condition of equality of the chemical potential of the compo­
nents µi (definecl as partial molar clerivation of Gibbs free energy G), 

8G"'/8n'P = µ'P = µ"' = 8G'P/8n'P B B JJ· • • B 

(1) 

(2) 

wheťe nA' nn are material amounts of the components. 
When substituting G"' = (n'P ·+ nP) Q'P G"' = (n'" + n'1') Gv1 x = . A B m., . .A B 111,, • <fJ 

= nJí/(n'J. + nfí) and x'" = r,,zf(n';l + n'I/JJí) the following system of equations is 
obtained from equations (1) and (2). 

(G,r,(x,p) - G,r;(x'P))/(xrp - xV') = aG,r,(xrp)/8:rq,
, 

(G,r,(xrp) - G,r;(x'"))/(xrp - x'") = aG,r;(xrp)/Bx"' 

(3) 

where X
rp 

nad x'P 
are equilibrium éompositioi1s of the co-existing phases and G,r, 

and G,r; are molar free G.ibbs energies of these phases. In the diagram expressing 
the relation between free energy (Gm) and composition (x), the system of equa­
tions (3) describes the condition of a common tangent for cui·ves G,r,(x) and 
G,r;(x). The composition ordinates at the points of contact of this joint tangent 
X

rp
, x"' 

then correspond to the limit points of the two-phase region at the given 
temper11ture; as implied by Fig. 1. . . 

The heterogeneous equilibrium law holds generally for systems which have 
attained a stable equilibrium. Its utilization for the construction of a diagram, 
however, would obviously require knowledge offunctional relations G,r, = j(x, T) 
for all the phases involved. 

Molar fre e  encr g y  of the phases  

Tn agreement with Fig. 1 the relationships G,r, = f(x, T) can be  written in 
the form 
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GP= GA + (G8 
- GA) X+ �amx(x) 'm, <p IJJ ·(() <p . (4) 

where G1,, G! '1re molar free energy values of components A and B at the given 
tempei:ature in a state corresponding to phase <p, �nd G�11x(x) is integral Gibbs
mixing energy for phase <p which corresponds to free energy change in the 
process 

(1- x) A(<p) + xB(<p)---+ Á,-xBx(<p). 

T 

T. lf!LT 

Tp 

T; T; 

TE 

Gm I I T = T; 

I I 

A X/,r. 
X·" 

,, x�'
I 

x,r, xr• x-11
I B 

x-

Fig. 1. Phase diagram ancl the clepenclences oj G111 oj the pha.ses on comvosition (x) at 
temveratiire Ti. 
The contact voints o/ common tangents x� -x_L, X};i-X! 

1
, x\ 2-x�, corresvond to the

JJoints oj binciry cliagram ciirves at temverature Ti. The 1invai-iant voints o/ the dia­
gram - eutectic ( E) ancl peritectic ( P) a?'e rev1·esentesd by values TE, xf,, x!, xg,
cmcl T p' xr' xf, Xp, respectively. 
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However, pure components generally need not exist in a state designated as 
phase <p, and the free energy values of a hypothetical state and free energy 
change can ,hardly be considered as a rational basis for any calcUlations. 
Equation (4) will therefore be used only for such phases in which both com­
ponents can viťtually always exist in the liquid phase: 

G{:. = G1, + (Gf- G1,) x + �Gr1x(x). (5) 
ln equation (5), G1,, Gf are molar Gibbs free energies ofpure liquid components 
at the given .temperatui·e, and �Giux is integral mixing Gibbs free energy of 
the melt, pertaining to process 

(1 -x) A(L) + xB(L)-+ A1-xBx(L). 
Molar free energy of solid phases can be expressed in three ways, 

a) G,f. = G1, + (Gť-Gj,) x + (1 - x) �Gf,_,,, + x�Gi-
,,, + �G!ux(x) (6)

where �Gf_,,,, �Gf_,,, are free energy changes corresponding to the processes
A(L)-+ A(rp); B(L)-+ B(rp); 

b) G,r. = G1, + (Gf-G'},) x -(1 -x) �Q�ELT - x�Q�EL1' + �a:oRM(x), (7)

where the expressions �QMELT and �G 1•·oRM correspond to free energy changes 
involved in the following processes 

A(ix) -+ A(L); B({J) -+ B(L); 

(1-x) A(ix) + xB({J)-+ A1-xBx(<p) 

where ix and {J a,re stable 'Crystalline modifications of pure components A and B. 

c) G,f. = G1, + (G1J, -Gi) x + �Gi11x(x) - �G;mL1'(x) (8) 
where �a:mL'l' corresponds to the process 

A1-xBx(<p)-+ A1-xBx(L). 

In equations (5), (6), (7) and (8) the free energy values of pure liquid com­
ponents A and B arise in such a manner that all these equations can be expressed 
by the relation 

Q'P = QL + (GL - QL) x + �G*(x) 
m A B A ' 'P • ' (9) 

where �G* rp(x) symbolizes the sum· of the third and other terms of the right 
band sides of �he equations. By substitution into equation (3) one finds 

(GB - GA) + �a;' -�ai: = (GB -GA) + o�G;'
= (GB-GA) + a�ai, (10) 

L L x,,, 
- Xv, L 

L OX 
L L OX 

that the resulting data (x,,, , x"'
) depend in no way on the values of Gf and G1, 

so that for any temperature one can put 

GJí = Gf; = o. (11) 
'l'hus the first two terms of equations (5) through (8) hav:e been annulled and 
the valu es of molar free energies are given by the values of the remaining terms. 
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Physical chemistry specifies certain relations for mjxing free energies, which 
although not generally valid, allow to describe in fun�amental terms the 
behaviour of real phases. With respect to the calculation it is considered useful 
to utilize such relations which are not in any disagreement with the character 
of the systems in question, and are simple enough to permit description of 
real behaviour characteristics by means of a very small number of parameters. 
For this reason the selection of model relations will be based on the assumption 
that microscopic composition of the phases is explicitly given by the macro­
scopic ( che mi cal) composition, expressed by the single composition parameter x. 

; 

Mi xing  free  energy o f  melt  dGť'x 

When expressing the mixing free energy of a melt it is suitable to make use 
of the relation derived for regular behaviour of binary solutions [2]: 

dGinx = RT(x ln x + (1 -x) ln (1 -x)) + x(l -x) Q (12) 

where parameter Q is a measure of pair interaction between unequal atoms. 
In the case of ionic melts the equation has any sense only when the composition 
parameter x expresses the ionic fraction [6]. In a general binary system 
AaZv - BbZz) x should (or AaYy - AbZz) therefore be chosen so as to be a 
mólar fraction of the system AZvta - BZztb (orAatv Y - Ab1zZ) [7] so that 

bX x = a(l -X)+ bX ( 
yX .. 

) 
or x = 

y( 1 -X) + zX (13) 

where X = Xn.z, (or XA
0
z,) is the molar fraction of the original binary 

system. Interaction parameter Q then corresponds to the difference in the 
free energy of the pairs, 

Q = 2eAB - eAA -snn (or Q = 2syz - syy - szz). (14) 

Equation (12) implies that a constant Q value causes dG�JX to have a shape 
symmetrical to x = 0.5. In view of the relation···bétween interaction free 
energy values s and the distance between the ions, Q can be assumed to be 
a function of composition (linear in the simplest case), 

(15) 

and this assumption allows to chose even asymmetrical shapes of relationship 
dG�1x. As a result of simplification (11) and utilization of (12) and (15), equa­
tion ( 5) can be written in the form 

Gf:..--::- RT(x ln x + (1 - x) ln (1 -x) + x(l - x) Q�(l + k�x). (16) 

Isos tr:uctural  sol id  components  

Equation (6) expresses the most logical contributions constituting molar 
free energy of a general phase. Unfortunately, its a1wiication is restricted to 
those binary systems in which both comporients crystallfae iri. the same crystal­
line structure. Only then it is possible to determine the values dGi _, 'I' 

dGf _, 'I' <p which are negative values offree melting energies ofpure components'. 
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The temperature dependence of these quantities is given by the known relation 

L\GfIELT(T) = L\HfIEL'l'(T) - TL\SfIEL'l'(T). (18) 

When assuming that neither melting enthalpy L\HflELT nor melting entropy 
L\SfIELT of component i depend on temperature, the value of L\SfIELT can be 
determined from the eqllilibrium condition for the melting point of pure com­
ponent i, 

and thence 
(19) 

(20) 

The functional relationship of L\G�nx can be assumed to have a shape identical 
with equation (12). By substituting (11), (12), (15), (18) and (20) into equation 
(6) the following relationship is obtainecl for isostructural solid components
and their solid solutions:

G,f. = RT(x ln x + (1 - x) ln (1 - x)) + x(l - x) .Qg(l + k�x) -
- (1 __:_ x) L\H�ELT(l - T/T�piLT) - xL\HťELT(l - T/T�ELT). (21) 

In the oase when the solid components are not isostructural, always one of 
the values of L\GfIELT is ui.1available for solid solutions of pure components 
(the data on melting of so-called cryptomodifications) which in the simplest 
binary system means four unknown parameters (L\H�ELT, L\T�[EL'ť, L\HťELT, 
L\TťELT so that another more suitable method should be sought. 

Solid p h ases exi st ing  within  a narrow compos it ion  range  

The application of equations (7) • and (8) i s  advantageous in· cases when the 
solid phases co-exist within a very _narrow chemical composition range only. 
This condition is often met in ceramic systems. A narrow homogeneity range 
allows to assume that. the quantities LiG!IELT or LiG!OitM have a reasonable 
value only at a single (usually stoichiometric) ratio of the corriponei1ts (cor­
responding·to composition parameter Xc), whereas at another ratio their value 
approaches infinity: 

L\G;o1m = LiG!'OitM(xc) = L\GEORM, 
LiG!OltM - co. 

for x = Xc 
fot X =/= Xc 

and • similarly 
LiG!IELT = LiG!lELT(xc) = L\G�ELT, 
LiG!IELT - - co . 

for x = Xc 
for X =I= Xc 

(22) 

(23) 

From the sense of quantities LiG!1ELT and LiG!OitM it follows that for solid 
phases a and fJ of immiscible components A and B the following holds as 
implied by equations (7), (8), (11), (16), (18) and (23) 

G" = _ ·L\a�mL'ť = _ L\JiMELT(l _ T/T�rnLT) m . A,a _ A,a A,a; , 

G,�-,,. co. 

Gf/,. = - L\Gť.�LT = - L\Hť}LT • ( 1 - T /T�lL'f), 
G,�-,,. co. 

19,8 

fór X= 0 
for X =/= 0 

for x = 1. 
for X =/= 1 

(24) 

(25) 
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The temperature dependence of quantities b.Gg01m and b.G&rnLT is assumed to 
have the simple form 

. b.GgORM = b.HgomI - T b.sgoR�r, 
b.G�ELT = b,FJ�EL'l'(l - T/T�EL'l'), 

(26) 

(27) 

where b.Hgom.r and b.sgoRM are respectively enthalpy and entropy of formation 
from solid components, and HW>LT and T�EL'l' are respectively enthalpy and 
congruent melting temperature of the compound. The relationship of_molar 
free energy of the intermediary phase can then be expressed in two ways: 

G,r, = - (1 - Xc) D.H�EL'l'(l - T/T�[m,'l'):_, Xc
b.HpLT(I - T/Tlf?L'l') +

+ b.Hgom,r - T b.sgomI, for X = Xc 

G ,,, --c>: 00. for X =I= Xc (28) 

i 
T 

T. ME:LT 
A 

T; 

l 

T, HE:LT
B 

T
p 

cr----'Q::---'----,�+.--<i>---------b 7i

A 

A C 

x.t,
I 

x' E: x' 
p C X----> 

T= T; 

x-

GME:LT
<1 B 

Fig. 2. Schematical phase dii;igram and the corresponding. clerendence oj G,.. according to 
simplifications (11), (22), (23), (24), (25): • • - . 
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or 

G,r, = RT(xc ln Xc(l -Xc) ln (1 -Xc)) + !iHN"ELT(l - T/TNELT) +
+ Xc(l -Xc) (1 + kfx) Q{í, for x = Xc 
G,r,---+ oo. for X =I= Xc (29) 

It should be borne in mind that derivations aGm/ax have no sense for the 
quantities selected by equations (24), (25), (28) or (29). The above simplifica­
tions result in a schematic shape of the phase diagram (Fig. 2). 

THE PRINCIPLJ): OF PRASE DIAGRAM CALCULATION 

Det erminat ion  of  parameters  f rom data  on  the inv ariant point  

Thermodynamic tables [9], [l0j, [ll] usually list available data on melting .. 
temperature and enthalpy of pura components, and on congruent melting 
of some compounds, as weH as data on combination free energies of components 
and compounds, from which it is possible to calculate !iaioR�r of some com- • 
pounds in the sense of equations (7) and (26). However, data on incongruently 
melting compounds are usually lacking and no tables present data on the 
values of interaction parameters Q. These parameters, indispensable for the 
calculation of phase diagram curves, can however be determined from relati­
vely available data on invariant points of the system by solving a system of 
equations expressing the condition for a heterogeneous equilibrium at the 
invariant point. 

Invariant points in a binary system are such points at which three condensed 
phases exist. In a binary system there can arise four types of invariant situa­
tions in which th� liquid phase takes a part: eutectic (s1 + s2 � L), peritectic 
(s1 � 82 + L) monotectic (8 + L1 :.± L2) and metatectic (81 + L :.± 82). 

A co-existence of three phases means that the two common tangents in 
Fig. 1 are equilinear, so that a single straight line forms a tangent of three 
molar free energy curves. This condition is expressed generally by a system of 
four equations 

G,f.-G,� 
X

,p
-X

rp 

G,f.-Gf,; 
X,p -X

L 

(30) 

When considering the eutectic of a system, the solid phases of which have an 
identical structure, the functional values of G,r, and G,r; are given by equation·· -
(21) after substituting T = TE and x = xj and x = xJ; G{:, is then expressed
by equation (16) using substitution x = xj and T = TE. The system of four
equations (30) thus expresses four relations between twelve quantities TE, xj,
xj, x], Qt k{, Q&, !iH�ELT, T�ELT, !iH�ELT, T�ELT_ Using these relations, it is
possible to calculate the values of four parameters after substituting the 
values of eight parameters. 

In the oase of crystalline phases of fixed composition only two equations 
hold in the eutectic: 

(31) 

since derivation aG111/ax of these solid phases has no sense. When using equation 
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(16) for G{:., equation (24) for G,� and equation (28) for G,r, (after substitutions
T = TE and x = xf) system (31) expresses two relations between nine quantí�.
ties

••

TE , xf , Xc , Q{,, k�, 6.HJEL'r, T}rn:r, 6.H�ELT, T�EL'r,

by means of which two parameters can be determined after substituting 
seven of them. 

Data on the other invariant points can be utilized in a similar way. 
Determination of the desired parameters by means of the heterogeneous 

equilibrium condition requires solving of a system of non-linear equations. 

C alculat ion proper  of p hase diagram curves  

Determination of the required parameters can be followed by the actual 
calculation of the phase diagram curves. The boundaries of a two-phase • 
region xs, XL are determined by solving a system of non-linear equations (3) 
in the case of gene:ral phases, 

(32) 

for the individua! temperatures of the temperature series in question. In the 
case of boundaries of a co-existence region between a crystalline phase with 
a narrow existence range and a melt, the points of a single curve are determined 
(liquidus curve) XL by solving the non-linear equation 

(G,r.- G{:.)/(xc - XL) = oG,{:/ox (33)-

for the individua! temperatures of the temperature series in question. 

Calculat ion procedure  

The entire calculation procedure consists of several stages which will b� 
illustrated on an example, calculation of the curves in a simpl� phase diagram 
PbO-PbF2. 

a) Fin ding  o u t  the  in i t ial data  and their  s upplemen ting b y
measurement

The following data on the melting of the components can be found in tables
of thermochemical data .[ 11]: 

H�)fT = 6.57 kcal/mol, 
HWJi.l;1' = 4.16 kcallmol, 

TWJIF = 1158 K (885 °C), 
Ttf�J';'I' = 1091 K (818 °C). 

The temperature of the single eutectic of the system can be determined by , 
simple DTA measurement (12], 

TE = 769 K (494 °C). 

b) Regularizat ion o f  chemical  composit ion

In order to permit use of the regular behaviour assumption, the molar ratio 
of the ionic system PbO-PbF 2 has to be transformed into a ratio of the system 
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PbO-Pb 112F. The composition parameter of the transformed system x == X PbI/ZF 

is given ,by equation (13) 
(34) 

c) Select ion o f  free  m o l.ar Gi bbs energies  of  the  phases

vVe are looking for the phase diagram curves enclosing the two-phase 
regions PbO(s)-me1t and Pb,/2F(s)-melt. The free molar energies of the three 
phases are selected in agreement with equations (16), (24) and (25) 

G(:, = RT(x ln x + (1 -x) ln (1 - x)) + .Qx(l -x), (35) 

G;,,bO = - �Ht[6Wl'(l -T/T�?,Wl'), 

G�>,l!' = -�Htr?,1�'1'(1 -T/T�?,'f,'1')/2

for X= 0, 

for X= 1 

(36) 

(37) 

cl) Analysis  of  the  invari ant point  data

The eutectic equilibrium condition corresponds to equation (31) 

Gf,,b112F -a�:bo = (G�b,,,F - G{,;(xf))/(1 - xf) = oG{,;(xf)/ox. (38) 

By substituting (35), (36), and (37) one obtains a system of equations 

(1 - xf) �Gt1ifJ''l'(TE) + xf6.GW?,"iF(TE)/2 = -�Gf!t'x(TE , xj;) -x�(l -xf) .Q,
(39) 

�GWifJ'1'(TE) - �G�6't:1'(TE)/2 = RTE(ln xf- ln (1 -xfr)) + (1 -2xj) .Q, 

where 
�Gt\}[fl'(TE) = �Ht�Wť(l - TE/Ttr6'cP'),
�a�rnr:l'(TE) - �FJ�ffLT(l -TE/T)mL'l') Pb]', - PbF, ' PbF, , 

�Gt,\'X(TE , xf) = RTE(xj:; ln xf + (1 -xf) ln (1 -xf)). 

On substituting the initial data �H�?,·/fT, �HtW:'1', Tt6J'T, T�?,íW and TE , 
. solution of this system of non-linear equations yields [12] 

xh = o,465 n ·- = 0,195

e) S y nt h es i s o f t h e d i a g r a m c urve  s_

Utilizing the knowledge of .Q one can calculate the liquidus curves in the 
diagram, using equation (33). The points {xf, Ti} lying on the liquiclus curve, 
enclosing the region of co-existence of the melt and crystalline PbO, will be 
determinecl by pa,lculaťirig ordinaťes xf from non-linear equations 

(G{,;(xf, Ti) - G};,b0(Tt))/xf = oG{,;(xf, Ti)/ox (40) 

after substituting (35) and (36) as solutions for the individua! Ti . 
The liquidus curves defining the reguion of co-existence of the melt and 

crystalline PbF2 can be determined by solving equations 

(G[:.(xf, Ti) - G};�• 12F(Ti))/(xf-1) = oG{,;(xf,Tt)/ox (41) 
. 1 • . • 

. 

after substituting (35) 'and (37). 
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f) N ormaliz at ion  of  the  chem ie a l  composi  t ion  d a t a

The resulting data xf can then be transformed by means of equation 
XL - xL/(2 xL) (42) l>bI1'2 - i 

-
.. i 

to molar fr'action X PbF2 data of the system Pb O_:_ PbF 2. 

g) Comparison w i t h  independent  d a t a  on system behaviour

The result of .calculation [12) together with the experimentally determined
PbO-PbF2 phase diagram [13) is plotted in Fig. 3. The disagreement between 

913 100 

813 L + Pb O (s)
600 

113 

Pb O

Fiy. 3. Calculated ( +) [12] and experimental (o) [13] liqitidits curves in PbO-PbF2 sy.stem.

the calculatecl curves ancl the experimental ones, in particular with .respect 
to the eutectic composition inclicates that. utilization of the symmetrical 
relationship (35) for G'f does not allow to characterize completely the real 
behaviour of the system. 

DISCUSION 

The present study was aimed at the cleterrnination of phase diagram curves 
in little known binary systems. Both selection of functional depenclences of 
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molar free energies of the phases, and orientation at the utilization of the 
most readily available data have been subordinated to this aim. 

In order to find the rules of behaviour of better known solids and melťs and 
to make the shapes of known phase diagram curves more accurate, it is of 
course possible to make use of more sophisticated models of mixed phases, 
and utilized info,rmation of other kind for this puq:iose. 

The models suggested in the present work are based on the assumption that 
the microscopic composition of the two-component system, on which the 
form of the combination free energy depends, can be expressed by a single 
parameter derived from the macroscopic molar fraction. This assumption 
represents a considerable restriction of the truthfulness of the models, as it 
does not allow to take into account the effect of homogeneous reactions which 
may take place in the mixture, as well as the mixing energy and entropy of 
the system. This type of contribution can be included in the calculation ·on the 
basis of disorcler rnodels [14] which include further parameters and yield 
asymmetrical relationships of mixing free energy. 

Availability of computers allows to make use of strictly regula1· behaviour 
models [15] which describe the ideas on real behaviour of mixed phases better; 
however; they are scarcely used because of the considerable complexity of the 
respective mathematical relations. 

In more accurate calculations it is possible to avoid the schematic approxi­
mations represented by equations (22) and (23). For the phases of the com­
ponents one can make use ofthe mixing free energy as defined bytheHenri law. 
Some types of concentration relationships of intermecliate phase free ene1·gies 
are dealt with in [16]. 

The ternperature dependénces oj free energy changes L\GMJ,LT and L\GFORM have 
been chosen by means of equations (26) and (27) in zero approximation only. 
When desiring to make the calculation more precise, use can be made of the 
first approximati01i ( constant molar heat of phase O

p
) or higher approximations, 

which utilize temperature dependence coefficients for molar heats O
p

(T). 
Apart from the data on the melting of components (L\HfEI:r, TťELT) and 

compounds (L\H�mL'l', T!rnLT), data on combination free energy of compounds 
(L\H�•'oirn, L\s:mtM) and data on the invariant point (e.g. TE), the parameters 
for the determination of mixed phase models can be obtained from data on 
the system, provided by various physico-chemical measurements. It is possible 
to utilize' more detailed calorimetric data, the results of electrochemical measure­
ments, concentration dependences of component activities, data on volatitility 
or cryoscopic data. All these are in fact thernwdynamic dfl,/,a which can be used 
in the determination of parameters for more precise models of mixing free 
energy. 

Acquiring of informations on binary systems is an indispensable prerequisite 
for the calculation of phase diagrams of teclmo1ogically significant ternary 
and quarterna1·y systems; in these cases any information on the approximate 
shape of the diagram would be specially valuable. Although algorithmizing of 
such computations would be no special problem for a skilled programmer, 
assumptions considerably rougher than those employed in the present study 
must generally be employed [17] in view of the incomplete input data available. 
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URČENÍ KŘIVEK BINÁRNÍHO FÁZOVÉHO DIAGRAMU VÝPOČTEM 
Z ÚDAJŮ O INVARIANTNÍCH BODECH SOU STAVY 

Pavel Holba 

Ústav fyziky pevných látek ČSA V, Praha 

K výpočtu křivek fázového diagramu lze využít podmínek heterogenní rovnováhy 
v binární soustavě (1), (2). Podmínky lze pfovést na soustavu rovnic společné tečny (3) 
ke kř-ivkám koncentrační závislosti molárních Gibbsových volných energií fází Gm (obr. 1) 
a použít k výpočtu ld-ivek fázového diagramu. 

Závislost G,,, na složení a teplotě pro t,aveninu vychází z rovnice regulárního chování 
směsi (12), ve které parametr složení x je volen v souladu s iontovým zlomkem (13). 
Regulární chování je také základem rovnice (21) vhodné pro pevné roztoky izostruktur­
ních složek. Hodnoty G,,. krystalických fází, existujících jen v úzkém oboru složení, 
jsou vyjádfony pomocí údajů o jejich kongruentním tání (24), (25), (29). 

Hodnotu ·interakčního parametru Q lze určit z údajú o teplotě invariantního bodu 
(např·. eutektika), a to využitím podmínky rovnovážné koexistence tí-í fází (30) nebo (31). 
Znalosti Q pak využijeme k výpočtu kí·ivek fázového diagramu (32), (33). 

Postup výpočtu Je pfodveden na soustavě PbO-PbF,. Možnosti pfosnějšího určení 
ld-ivek diagramu záleží ve využití dalších informací o soustavě. 
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P. Holba:

Obr. 1. Fázový diagram a závislosti Gm jednotlivých fází na složení x při teplotě T;. Body 
d�tyku spol�čných teče�. x� - x.b, x,b 

- �t
i
, xt2 - x� _odpovídají bod�m křivek

binárního diagramu pri teplotě Ti, Invariantní body diagramii: eutektikum (E) 
a peritektikum (P) jsou určeny hodnotami TÉ, xJ,, x!, x& a T L, x1, x[;, x;-

Obr. 2, Schematický fázový diagram a odpovídající závislosti G,,, jednotlivých fází po zjedno­
dušeních (11), (22), (23), (24), (25). 

Obr. 3. Vypočtené ( +) [12] a experimentální (o) [13] křivky liquidu soustavy PbO-PbF2, 

OITPE):i:EJIEHHE KP11BhIX BHHAPHO:iír <I>A3OBO:iír ):i:11Al'PAMMhl 

PACl.lE TOM 113 ):i:AHI-lhIX OB HHBAPHAHTHhIX TOl.JHAX CHCTEMhl 

ÍlaaeJr ťoJ16a 

HHcmwnym rfiusu,,u maep8oao mú.a TfCAH, llpa2a 

Y CJIODHll reTeporeHHCiro paBH0BCCHH 6mm prro(r CHCTCMbf (1 ), (2) ·nepeBCJ];CHHLJC o ypaBHC­
HIHI 06u.1eň ·1rncaTCJlbHOJ1 I{ 1,p11B1,IM 3HBIICHMÓCTCl1 MOJlHpHoil CB060ll;HOH ;rneprHH ť1166ca 
( G,,,) 0T C0CTaDa (x) cpa3 61,JJIH HCIT0J[b30DaHul /(Jlll pac•JCTa 1<p11n1,1x <fJa30BO(r 1vrnrpaMMl,l 
(pHC. 1.).

3aBHCHMOCTb G,,, 0T C0CTaBa H TCMnepaTyp1,1 wrn pac1rnaoa ocrroaana na ypaBHCHHH 
pe1'yJ111pm,1x paCTB0p0B ('12), B K0T0p0M .napaMeTp C0CTaBa U0HHblX' aemecTB Db!pamaeTCfl 
•iepe3 HOIIHYIO ll;0JII0 ('13). Pe1'ym1pHoe ll0BCll;CHHC llDJlllCTCH TaJO!{C OCHOBOH ypaBHCHHll (21),
l!Cll0Jlu3yeMoro )];JIH TBepJ:(l,IX pacTD0p0B H30CTPYKTypm,rx H0MIT0HěBT0B. Beml'IHHl,I G,,, 
Iť)JflCTaJIJIJ1l!CCiťHX cpa3, cyU.\CCTDYIOll(HX D Y3I<Oi-i o6JraCTH C0CTaaa; Bl, 1paměBl,I C ll0MQmr,10 
/WHHbIX o 1rnnrpyennroM nJraBJrellHH STHX <Iiaa (24), (25), (29).

BeJIH'ÍHHa rrapaMeTpa B3allMOJ];CHCTBHl1 Q fl0Jiy•mcTCH H3 )];aHHl,IX O TCMnepaTypn JfH­
napHaHTHbIX T011Cl( (aBTCT,TIIHJI H T. n.) rrpu Jl0M0!l.lH ypaBHCHHH (30) l!JIH (31), Iť0T0pLre 
Bb!pamaIOT ycnomre paBH0BCCH0I'0 cocyll.\CťfB0BaHHll Tpcx <}'ia3. 3murne .BCJll-l'IHHbI Q HC­
ll0Jlb3YCTCll ll;Jlll pac,rern HpHBT,IX <JJa30DOH wrnrpaMMbl (32),. (33).

Ilpol.(ell;ypa nwmcnemw nor<aaaHa na cncTeMe PbO-PbF2 (pne. 3). BoaMonrnocnr 6oJree 
T0'IH0l'0 orrpe,�CJLCHHll Hp11D1,IX JIHH!'paMMhl C0CT0HT B IICfl0JJb30BHHIHI 60.nce C,ll0lliHb!X 
MO/�CJJCM li 6onee no1�po6m,1x 1rncpopMal.(H(1 o c11cTeMe. 

Puc. 1 .. <Paaoaa11, 8ua2pa,11.,11a u aaaucu�iocmu G,,, gias om cocmaaa x npu me,,inepamype T;. 
To,i,i.u conpw,ocHoaeHtm 06u1-ux ,,accimeJLbHblX xt - xi

1
, •xi

2 
- xt 1

, x�2 
- x� omae'ia10,n 

11w,i,i.a.M 1opu1Jb!X rfiasoaoií 8ua2pa,11 .• ,ibi npu me.,inepamype Ti. H Haapuan11u1ue 11w,i,1,u 
8ua2pa�t.1,tbl aamewnw,u (IS) u nepwneh:inu1ou (P) onpe8e.rienbi aeJLwuuw.,iu TE, xf, 

x�, x� u Tr,, x1, xb, x�. 
Puc. 2. Cxe,1uunu,i,ec1,cui giaaoaa.<r, 8ua2jJa,11.,1ta u coo111.aemcmay1ou1ue 

IWCJLe ynpOU(-CHUií, (11), (22), (23), (24) u (25). 
Puc. 3. Bbl,'1,UC.rtertHb!ť ( +) ['12] ll 0/lb!,/IU!b!ť (o) [t3] Hpl!Gb!ť ,l!,ll/Wl.l8yca 
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saaucu.,11.oc11u1, G,,, giaa 

cucme,,ibi PbO-PbF2. 
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