
Ceramics-Silikáty 63 (1), 21-31 (2019)
www.ceramics-silikaty.cz doi: 10.13168/cs.2018.0042

Ceramics – Silikáty  63 (1) 21-31 (2019) 21

MODELLING MATRIX MULTI-CRACKING EVOLUTION OF
FIBRE-REINFORCED CERAMIC-MATRIX COMPOSITES 

CONSIDERING FIBRE FRACTURE
LI LONGBIAO

College of Civil Aviation, Nanjing University of Aeronautics and Astronautics
No.29 Yudao St., Nanjing 210016, PR China

E-mail: llb451@nuaa.edu.cn

Submitted May 1, 2018; accepted July 17, 2018

Keywords: Ceramic-matrix composites (CMCs), Matrix multi-cracking, Interface debonding, Fibre fracture

In this paper, the matrix multi-cracking evolution of fibre-reinforced ceramic-matrix composites (CMCs) considering fibre 
fracture have been investigated using the critical matrix strain energy criterion. The shear-lag model combined with the 
fibre fracture model and fibre/matrix interface debonding criterion is adopted to analyse the fibre and matrix axial stress 
distribution inside the damaged composite. The effects of the fibre volume fraction, the fibre/matrix interface shear stress, 
the fibre/matrix interface debonded energy, the fibre Weibull modulus and the fibre strength on the stress-dependent matrix 
multi-cracking development are discussed. The experimental matrix multi-cracking evolution of the unidirectional SiC/CAS, 
SiC/CAS-II, SiC/SiC, SiC/Borosilicate and mini-SiC/SiC composites are predicted.

INTRODUCTION

	 Ceramic	 materials	 possess	 high	 specific	 strength	
and	 specific	 modulus	 at	 elevated	 temperatures.	 But	
their	 use	 as	 structural	 components	 is	 severely	 limited	
because	of	their	brittleness.	Continuous	fibre-reinforced	
ceramic-matrix composites (CMCs), by incorporating 
fibres	 in	 ceramic	 matrices,	 not	 only	 exploit	 their	
attractive	high-temperature	strength,	but	also	reduce	the	
propensity for catastrophic failure [1, 2]. These materials 
have	 already	 been	 implemented	 on	 some	 aero	 engine	
components	[3].	The	environment	inside	the	hot	section	
of the components is harsh and a composite is typically 
subjected to complex thermomechanical loading, which 
can lead to matrix multi-cracking [4, 5]. These matrix 
cracks	 form	 paths	 for	 the	 ingress	 in	 the	 environment	
oxidising	 the	 fibres	 and	 leading	 to	 premature	 failure 
[6-9]. The density and openings of these cracks depend on 
the	fibre	architecture,	the	fibre/matrix	interface	bonding	
intensity and the applied load [10]. It is important to 
develop	an	understanding	of	the	matrix	multi-cracking	
damage	mechanisms	to	analyse	the	oxidation	behaviour	
inside of the CMCs. [11]
 Many researchers performed experimental and 
theoretical	 investigations	on	 the	matrix	multi-cracking 
evolution	 of	 fibre-reinforced	 CMCs.	 Pryce	 and	 Smith	
[12]	 investigated	 the	 quasi-static	 tensile	 behaviour	 of	

unidirectional	and	cross-ply	SiC/calcium	aluminosilicate	
(CAS)	glass-ceramic	composites.	The	first	matrix	crac-
king	 stress	 is	 predicted	 using	 the	 Aveston-Cooper-
Kelly (ACK) theory [13], and the relationship between 
the	 matrix	 cracking	 density	 and	 the	 stiffness	 reduc-
tion is analysed with an increasing strain. Beyerle et 
al.	 [14]	 investigated	 the	 mechanical	 characteristic	 of	
the	 unidirectional	SiC/CAS-II	 composite,	 and	 the	first	
matrix cracking stress and the composite ultimate 
strength are predicted using the micromechanical 
models.	 However,	 the	 evolution	 of	 the	 matrix	 multi-
cracking	 and	 modulus	 reduction	 show	 a	 difference	
between the experimental data and theoretical analysis 
without	 considering	 the	 fibres	 failure.	 Holmes	 and	
Cho	 [15]	 investigated	 the	 effect	 of	 the	 matrix	 crack	
spacing on the surface temperature rising from the 
unidirectional	 SiC/CAS-II	 composite.	 It	 was	 found	
that the onset of frictional heating under cyclic loading 
coincides	with	the	first	matrix	cracking	stress,	and	the	
extent	 of	 frictional	 heating	 increases	 as	 the	 average	
matrix	crack	spacing	decreases	at	a	given	fatigue	peak	
stress	and	stress	ratio.	Okabe	et	al.	[16]	investigated	the	
failure	 process	 of	 the	 unidirectional	 SiC/Borosilicate	
composite under tensile loading. The relationship 
between	the	matrix	multi-cracking	evolution	and	stress/
strain	 curve	 is	 analysed,	 and	 it	 is	 found	 that	 the	 first	
matrix cracking stress is close to the knee point of the 
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nonlinearity	 in	 the	 tensile	stress/strain	curve.	Smith	et	
al.	 [17]	 investigated	 the	damage	accumulation	 in	a	2D	
woven	 SiC/SiC	 composite	 using	 electrical	 resistance.	
It	was	 found	 that	 the	 resistance	change	 in	 the	SiC/SiC	
composite	is	sensitive	to	matrix	cracking	[18].	Gowayed	
et	 al.	 [19]	 investigated	 the	 feasibility	 of	 utilising	 the	
shear-lag theory to estimate the matrix crack density in 
a	 fabric	 reinforced	2D	SiC/SiC	composite.	The	matrix	
cracking	 density	 was	 highly	 sensitive	 to	 fibre	 volume	
fraction	along	the	loading	direction	and	the	fibre/matrix	
interface	shear	strength	between	the	fibres	and	matrix.	
Ogasawara	 et	 al.	 [20]	 investigated	 the	 experimental	
matrix	 multi-cracking	 of	 an	 orthogonal	 3D	 woven 
Si–Ti–C–O	 fibre/Si–Ti–C–O	 matrix	 composite	 using	
microscopic	 observation.	 The	 inelastic	 tensile	 stress/
strain	behaviour	 is	governed	by	matrix	multi-cracking	
in	 the	 transverse	 fibre	 bundles	 at	 a	 low	 stress,	matrix	
multi-cracking	 in	 longitudinal	 fibre	 bundles	 at	 an	
intermediate	 stress,	 and	 fibre	 fragmentation	 at	 a	 high	
stress.	Morscher	et	al.	[21]	investigated	the	occurrence	
of	 matrix	 cracks	 in	 a	 melt-infiltrated	 3D	 orthogonal	
architecture	SiC/SiC	composite	under	tension	parallel	to	
the Y-direction which is perpendicular to the Z-bundle 
weave	 direction	 using	 acoustic	 emissions	 (AE).	 The	
matrix cracking stress range depended upon the Z-di-
rection bundle size and the local architecture. Solti et al. 
[22]	 developed	 an	 approach	 of	 a	 critical	matrix	 strain	
energy (CMSE) criterion to analyse the matrix multi-
cracking	 evolution,	 in	 which	 the	 maximum	 fibre/
matrix interface shear strength criterion was adopted to 
determine the interface debonded length during matrix 
multi-cracking.	 However,	 following	 the	 arguments	 of	
Gao et al. [23] and Stang and Shah [24], the fracture 
mechanics approach is preferred to the shear strength 
approach	 for	 the	fibre/matrix	 interface	debonding	pro-
blem.	 Rajan	 and	 Zok	 [25]	 investigate	 the	 mechanics	
of a fully bridged steady-state matrix cracking in uni-
directional CMCs under shear loading. The studies 
mentioned	above,	however,	do	not	consider	the	effect	of	
fibre	debonding	on	the	matrix	multi-cracking	evolution	
in	fibre-reinforced	CMCs.
	 In	 this	paper,	 the	matrix	multi-cracking	evolution	
of	 fibre-reinforced	 CMCs	 considering	 fibre	 fracture	
is	 investigated	 using	 the	 critical	 matrix	 strain	 energy	
criterion.	The	shear-lag	model	combined	with	the	fibre	
fracture	 model	 and	 fibre	 matrix	 interface	 debonding	
criterion	is	adopted	to	analyse	the	fibre	and	matrix	axial	
stress distribution inside the damaged composite. The 
effects	 of	 the	 fibre	 volume	 fraction,	 the	 fibre/matrix	
interface	shear	stress,	the	fibre/matrix	interface	debon-
ded	 energy,	 the	 fibre	 Weibull	 modulus	 and	 the	 fibre	
strength on the stress-dependent matrix multi-cracking 
evolution	are	discussed.	The	experimental	matrix	multi-
cracking	evolution	of	the	unidirectional	SiC/CAS,	SiC/
CAS-II,	 SiC/SiC,	 SiC/Borosilicate	 and	 mini-SiC/SiC	
composites are predicted.

THEORETICAL ANALYSIS

Stress analysis

 To analyse the stress distributions in the sand 
matrix of the damaged composite, a unit cell is extracted 
from the CMCs, as shown in Figure 1. The unit cell 
contains	a	single	fibre	surrounded	by	a	hollow	cylinder	
of	 the	 matrix.	 The	 fibre	 radius	 is	 rf, and the matrix 
radius is R (R = rf/Vf

1/2). The length of the unit cell is 
lc/2,	which	is	half	of	the	matrix	crack	spacing.	The	fibre/
matrix interface debonded length is ld. At the matrix 
cracking	 plane,	 fibres	 carry	 all	 the	 stress	 (σ/Vf, where 
σ	denotes	the	far-field	applied	stress	and	Vf denotes the 
fibre	volume	fraction).	The	shear-lag	model	adopted	by	
Budiansky,	 Hutchinson	 and	 Evans	 [26]	 is	 obtained	 to	
perform	 the	 stress	 and	 strain	 calculations	 in	 the	fibre/
matrix interface debonded region (x ∈ [0, ld]) and inter-
face bonded region (x ∈ [ld, lc/2]).	The	fibre	axial	stress	
σf (x), the matrix axial stress σm (x)	and	the	fibre/matrix	
interface shear stress τi (x) are determined using the 
following	equations:

(1)

(2)

(3)
where T	denotes	 the	stress	carried	by	the	 intact	fibres;	
Vm	 denotes	 the	matrix	 volume	 fraction;	 τi denotes the 
fibre/matrix	interface	shear	stress;	ρ denotes the shear-
lag model parameter; and σfo and σmo	 denote	 the	 fibre	
and matrix axial stress in the interface bonded region, 
respectively.
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Figure	1.		The	material	properties	of	the	SiC/CAS,	SiC/CAS-
II,	SiC/SiC,	SiC/Borosilicate	and	the	mini-SiC/SiC	composites.
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(4)

(5)

where Ef, Em and Ec	denote	the	fibre,	matrix	and	com-
posite	elastic	modulus,	respectively;	αf, αm	and	αc denote 
the	fibre,	matrix	and	composite	thermal	expansion	coef-
ficient,	 respectively;	 and	 ∆T	 denotes	 the	 temperature	
difference	 between	 the	 fabricated	 temperature	 T0 and 
the testing temperature T1	(∆T	=	T1 −	T0).
	 The	 possibility	 of	 fibre	 failure	 within	 the	 matrix	
due	to	the	statistical	nature	of	the	fibre	strength	can	be	
accounted	for	by	using	 the	Weibull	analysis.	The	 two-
parameter	 Weibull	 model	 is	 adopted	 to	 describe	 the	
fibre	strength	distribution,	and	the	Global	Load	Sharing	
(GLS) assumption is used to determine the stress carried 
by	the	intact	and	fracture	fibres.	[27]

(6)

where 〈Tb〉	 denotes	 the	 stress	 carried	 by	 broken	fibres;	
and P(T)	denotes	the	fibre	failure	probability.

(7)

where m	denotes	the	fibre	Weibull	modulus,	which	de-
scribes	the	variation	in	the	fibre	strength;	and	σc denotes 
the	fibre	characteristic	strength	of	a	length	δc	of	the	fibre.	
[27]

(8)

where σ0	denotes	the	fibre	strength	of	a	length	of	l0.
	 When	a	fibre	breaks,	the	stress	carried	by	the	fibre	
drops to zero at the position of the break. Similar to 
the	 case	 of	matrix	 cracking,	 the	 fibre/matrix	 interface	
debonds	and	the	stress	builds	up	in	the	fibre	through	the	
interface shear stress. During the process of loading, the 
stress	in	a	broken	fibre	Tb as a function of the distance x 
from	the	break	can	be	written	by	the	following	equation:

(9)

	 In	order	 to	calculate	 the	average	stress	carried	by	
broken	fibres	 〈Tb〉, it is necessary to construct the pro-
bability distribution F(x) of the distance x	of	a	fibre	break	
from	the	reference	matrix	crack	plane,	provided	 that	a	
break occurs within a distance ±lf. For this conditional 
probability distribution, Phoenix and Raj [28] deduced 
the	following	equation	based	on	Weibull	statistics.

(10)

where
(11)

	 The	averaging	 stress	carried	by	broken	fibres	 〈Tb〉 
during	the	process	of	loading	using	Equations	9	and	10	
leads	to	the	following	equation:

(12)

	 Substituting	Equations	7	and	12	into	Equation	6,	it	
leads	into	the	following	equation:

(13)

	 Using	Equation	13,	the	stress	T carried by the intact 
fibres	at	 the	matrix	cracking	plane	can	be	determined.	
Substituting	the	intact	fibre	stress	T	into	Equation	7,	the	
relationship	between	the	fibre	failure	probability	and	the	
applied stress can be determined.

Interface debonding

	 When	the	matrix	cracking	propagates	to	the	fibre/
matrix	interface,	it	deflects	along	the	interface.	A	frac-
ture mechanics approach is adopted in the present ana-
lysis.	The	fibre/matrix	 interface	debonding	criterion	is	
determined	using	the	following	equation:	[23]

(14)

where ζd	 denotes	 the	 fibre/matrix	 interface	 debonded	
energy; F	 =	 πrf

2σ/Vf)	 denotes	 the	 fibre	 load	 at	 the	
matrix cracking plane; wf(0)	denotes	the	fibre	axial	dis- 
placement on the matrix cracking plane; and v(x) deno-
tes	the	relative	displacement	between	the	fibre	and	the	
matrix.
	 The	axial	displacements	of	the	fibre	and	the	matrix,	
i.e., wf (x) and wm(x), are determined by the following 
equations:

(15)

(16)

	 The	 relative	 displacement	 between	 the	 fibre	 and	
the	 matrix,	 i.e.,	 v(x),	 is	 determined	 by	 the	 following	
equation:

fV
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(17)

 Substituting wf (x = 0) and v(x)	 into	Equation	 14,	
leads	to	the	following	equation:

(18)

	 Solving	 Equation	 18,	 the	 fibre/matrix	 interface	
debonded length ld is determined by the following 
equation:

(19)

Matrix multi-cracking

	 Solti	et	al.	[22]	developed	the	critical	matrix	strain	
energy (CMSE) criterion to predict the matrix multi-
cracking	evolution	in	fibre-reinforced	CMCs.	The	con- 
cept of a critical matrix strain energy presupposes the 
existence of an ultimate or critical strain energy. Beyond 
the	 critical	 value	 of	 the	matrix	 strain	 energy,	 as	more	
energy is entered into the composite with increasing 
applied stress, the matrix cannot support the extra load 
and continues to fail. The failure is assumed to consist 
of	 the	 formation	 of	 new	 cracks	 and	 the	 fibre/matrix	
interface debonding, to make the total energy within the 
matrix	remain	constant	and	equal	to	its	critical	value.
 The matrix strain energy is determined using the 
following	equation:

(20)

where Am is the cross-section area of the matrix in 
the unit cell. Substituting the matrix axial stresses in 
Equation	2	 into	Equation	20,	 the	matrix	 strain	energy	
considering	the	matrix	multi-cracking	and	fibre/matrix	
interface partially debonding, is described using the 
following	equation:

(21)

(21)

	 When	 the	 fibre/matrix	 interface	 completely	 de-
bonds, the matrix strain energy is described using the 
following	equation:

(22)

	 By	evaluating	the	matrix	strain	energy	at	a	critical	
stress of σcr, the critical matrix strain energy of Ucrm 
can be obtained. The critical matrix strain energy is 
described	using	the	following	equation:

(23)

where k (k ∈ [0,1]) is the critical matrix strain energy 
parameter; and l0 is the initial matrix crack spacing and 
σmocr	is	determined	using	the	following	equation:

(24)

where σcr is the critical stress corresponding to the com-
posite’s proportional limit stress, i.e., the stress at which 
the	 stress-strain	 curve	 starts	 to	 deviate	 from	 linearity	
due to damage accumulation of the matrix cracks 
[29].	 The	 critical	 stress	 is	 defined	 to	 be	 the	 Aveston-
Cooper-Kelly matrix cracking stress [13], which was 
determined	 using	 the	 energy	 balance	 criterion,	 invol-
ving	 the	 calculation	 of	 the	 energy	 balance	 relation- 
ship before and after the formation of a single dominant 
crack.	The	Aveston-Cooper-Kelly	model	can	be	used	to	
describe the long-steady-state matrix cracking stress, 
corresponding to the proportional limit stress of the 
tensile	 stress-strain	 curve.	 The	 Aveston-Cooper-Kelly 
matrix cracking stress is determined using the following 
equation:	[13]

(25)

where ζm	denotes	the	matrix	fracture	energy.	However,	
as microcracks exist in the matrix when CMCs were 
cooled down from the high fabrication temperature 
to room temperature, due to a thermal expansion 
coefficient	 misfit	 between	 the	 fibre	 and	 the	 matrix,	
these microcracks are short-matrix-cracking, and the 
cracking stresses of these microcracks lie in the linear 
region	of	tensile	stress-strain	curve	[30,	31].	With	an	in- 
creasing of the applied stress, the matrix microcracks 
can propagate into long-matrix-cracking. The matrix 
cracking	stress	of	the	Aveston-Cooper-Kelly	model	was	
used to determine the critical matrix strain energy.
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	 The	 energy	 balance	 relationship	 to	 evaluate	 the	
matrix	multi-cracking	evolution	is	determined	using	the	
following	equation:

(26)

	 The	 matrix	 multi-cracking	 evolution	 versus	 the	
applied	 stress	 can	be	 solved	by	Equation	26	when	 the	
critical matrix cracking stress of σcr	and	the	fibre/matrix	
interface debonded length of ld are determined by 
Equations	19	and	25.

DISCUSSION

	 The	ceramic	composite	system	of	SiC/CAS	is	used 
for	the	case	study	and	its	material	properties	are	given	by	
[14]: Vf = 30 %, Ef = 200 GPa, Em = 97 GPa, rf	=	7.5	μm,	
ζm = 6 J·m-2, ζd = 0.8 J·m-2, τi = 20 MPa, αf = 4 × 10-5/°C,	
αm = 5 × 10-5/°C,	∆Τ	=	–1000	°C,	m = 4, and σc = 2.0 GPa.

Effect	of	the	fibre	volume	fraction

	 The	matrix	 cracking	 density,	 the	 fibre/matrix	 in-
terface debonded length (2ld/lc)	 and	 the	 broken	 fibres	
fraction	 for	 the	 different	 fibre	 volume	 fractions	 (i.e.,	
Vf = 30 % and 35 %) are shown in Figure 2.
	 When	 the	fibre	volume	fraction	 is	Vf = 30 %, the 
matrix	cracking	density	increases	from	0.15/mm	at	the	
first	matrix	cracking	stress	of	201	MPa	to	3.9/mm	at	the	
saturation	matrix	cracking	stress	of	310	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	75.7	%;	and	the	broken	fibres	fraction	increases	
from 0.4 % to 9.4 %.
	 When	 the	fibre	volume	 fraction	 is	Vf = 35 %, the 
matrix	cracking	density	increases	from	0.19/mm	at	the	
first	matrix	cracking	stress	of	235	MPa	to	4.5/mm	at	the	
saturation	matrix	cracking	stress	of	360	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	52.2	%;	and	the	broken	fibres	fraction	increases	
from 0.4 % to 3.9 %.

	 With	an	increasing	fibre	volume	fraction,	 the	first	
matrix cracking stress, the matrix saturation cracking 
stress and the cracking density increase, and the matrix 
cracking	 evolves	with	 a	 higher	 applied	 stress;	 and	 the	
fibre/matrix	 interface	debonded	 length	 and	 the	broken	
fibres	fraction	decrease.

Effect	of	the	fibre/matrix
interface shear stress

	 The	matrix	cracking	density,	the	fibre/matrix	inter- 
face debonded length (2ld/lc)	 and	 the	 broken	 fibres	
fraction	 for	 the	 different	 fibre/matrix	 interface	 shear	
stress (i.e., τi = 10 and 15 MPa) are shown in Figure 3.
	 When	 the	 fibre/matrix	 interface	 shear	 stress	 is 
τi = 10 MPa, the matrix cracking density increases from 
0.2/mm	at	 the	first	matrix	 cracking	 stress	of	147	MPa	
to	 3.3/mm	 at	 the	 saturation	 matrix	 cracking	 stress	 of 
217	 MPa;	 the	 fibre/matrix	 interface	 debonded	 length	
(2ld/lc) increases from 0.7 % to 100 %; and the broken 
fibres	fraction	increases	from	0.1	%	to	9.4	%.
	 When	 the	 fibre/matrix	 interface	 shear	 stress	 is 
τi = 15 MPa, the matrix cracking density increases from 
0.16/mm	at	the	first	matrix	cracking	stress	of	177	MPa	
to	 3.6/mm	 at	 the	 saturation	 matrix	 cracking	 stress	 of 
274	 MPa;	 the	 fibre/matrix	 interface	 debonded	 length	
(2ld/lc) increases from 0.8 % to 92.6 %; and the broken 
fibres	fraction	increases	from	0.2	%	to	9.4	%.
	 With	 an	 increasing	 fibre/matrix	 interface	 shear	
stress,	the	first	matrix	cracking	stress,	the	matrix	satu-
ration cracking stress and the cracking density increase, 
the	 matrix	 cracking	 evolves	 with	 a	 higher	 applied	
stress;	 and	 the	 fibre/matrix	 interface	 debonded	 length	
decreases.

Effect	of	the	fibre/matrix
interface debonded energy

	 The	matrix	 cracking	 density,	 the	 fibre/matrix	 in-
terface debonded length (2ld/lc)	 and	 the	 broken	 fibres	
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Figure	2.		The	effect	of	the	fibre	volume	fraction	on:	a)	the	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/
matrix interface debonding length (2ld/lc)	versus	 the	applied	stress	curves;	and	c)	 the	broken	fibres	fraction	versus	 the	applied	
cycles	curves.
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fraction	for	the	different	fibre/matrix	interface	debonded	
energy (i.e., ζd = 0.5 and 1.0 J·m-2) are shown in Figure 4.
	 When	 the	fibre/matrix	 interface	debonded	 energy	
is ζd = 0.5 J·m-2, the matrix cracking density increases 
from	 0.13/mm	 at	 the	 first	 matrix	 cracking	 stress	 of 
201	MPa	 to	 3.6/mm	 at	 the	 saturation	matrix	 cracking	
stress	of	320	MPa;	the	fibre/matrix	interface	debonded	
length (2ld/lc) increases from 0.9 % to 79.7 %; and the 
broken	fibres	fraction	increases	from	0.4	%	to	9.4	%.
	 When	 the	fibre/matrix	 interface	debonded	 energy	
is ζd = 1.0 J·m-2, the matrix cracking density increases 
from	 0.18/mm	 at	 the	 first	 matrix	 cracking	 stress	 of 
201	MPa	 to	 4.1/mm	 at	 the	 saturation	matrix	 cracking	
stress	of	304	MPa;	the	fibre/matrix	interface	debonded	
length (2ld/lc) increases from 0.8 % to 74.7 %; and the 
broken	fibres	fraction	increases	from	0.4	%	to	9.4	%.
	 With	 increasing	 fibre/matrix	 interface	 debonded	
energy,	 the	 first	 matrix	 cracking	 stress	 remains	 the	
same, the matrix cracking saturation stress decreases, 
and the saturation matrix cracking density increase, and 
the	rate	of	matrix	cracking	development	 increases	due	
to	the	decrease	of	the	fibre/matrix	interface	debonding	
ratio.

Effect	of	the	fibre	Weibull	modulus

	 The	matrix	 cracking	 density,	 the	 fibre/matrix	 in-
terface debonded length (2ld/lc)	 and	 the	 broken	 fibres	
fraction	 for	 the	 different	 fibre	 Weibull	 modulus	 (i.e., 
m = 3 and 5) are shown in Figure 5.
	 When	 the	 fibre	 Weibull	 modulus	 is	 m = 3, the 
matrix	cracking	density	increases	from	0.18/mm	at	the	
first	matrix	cracking	stress	of	201	MPa	to	3.9/mm	at	the	
saturation	matrix	cracking	stress	of	298	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	85.7	%;	and	the	broken	fibres	fraction	increases	
from 1.2 % to 17 %.
	 When	 the	 fibre	 Weibull	 modulus	 is	 m = 5, the 
matrix	cracking	density	increases	from	0.18/mm	at	the	
first	matrix	cracking	stress	of	201	MPa	to	4.2/mm	at	the	
saturation	matrix	cracking	stress	of	310	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	70.4	%;	and	the	broken	fibres	fraction	increases	
from 0.1 % to 5.3 %.
	 With	an	increasing	fibre	Weibull	modulus,	the	first	
matrix cracking stress remains the same, the saturation 
matrix cracking stress and the cracking density increase; 
and	the	fibre/matrix	interface	debonded	length	and	the	
broken	fibres	fraction	decrease.
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Figure	4.		The	effect	of	the	fibre/matrix	interface	debonded	energy	on:	a)	the	matrix	cracking	density	versus	the	applied	stress	
curves;	b)	the	fibre/matrix	interface	debonding	length	(2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	
versus	the	applied	cycles	curves.
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Figure	3.		The	effect	of	the	fibre/matrix	interface	shear	stress	on:	a)	the	matrix	cracking	density	versus	the	applied	stress	curves;	
b)	the	fibre/matrix	interface	debonding	length	(2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	
applied	cycles	curves.
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Effect	of	the	fibre	strength
	 The	matrix	 cracking	 density,	 the	 fibre/matrix	 in-
terface debonded length (2ld/lc)	 and	 the	 broken	 fibres	
fraction	 for	 different	 fibre	 strengths	 (i.e.,	σc = 2.0 and 
2.5 GPa) are shown in Figure 6.
	 When	the	fibre	strength	is	σc = 2.0 GPa, the matrix 
cracking	 density	 increases	 from	 0.18/mm	 at	 the	 first	
matrix	 cracking	 stress	 of	 201	 MPa	 to	 4.1/mm	 at	 the	
saturation	matrix	cracking	stress	of	304	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	74.7	%;	and	the	broken	fibres	fraction	increases	
from 0.4 % to 9.4 %.
	 When	the	fibre	strength	is	σc = 2.5 GPa, the matrix 
cracking	 density	 increases	 from	 0.18/mm	 at	 the	 first	
matrix	 cracking	 stress	 of	 201	 MPa	 to	 4.3/mm	 at	 the	
saturation	matrix	cracking	stress	of	317	MPa;	the	fibre/
matrix interface debonded length (2ld/lc) increases from 
0.8	%	to	67.6	%;	and	the	broken	fibres	fraction	increases	
from 0.1 % to 2.7 %.
	 With	an	 increasing	fibre	 strength,	 the	first	matrix	
cracking stress remains the same, the saturation matrix 
cracking stress and the cracking density increase; and 
the	 fibre/matrix	 interface	 debonded	 length	 and	 the	
broken	fibres	fraction	decrease.

DISCUSSION

 The experimental and theoretical matrix cracking 
density,	the	fibre/matrix	interface	debonded	length	(2ld/lc) 
and	the	broken	fibres	fraction	versus	the	applied	stress	
for	the	different	CMCs,	i.e.,	unidirectional	SiC/CAS	[12], 
SiC/CAS-II	 [14],	 SiC/SiC	 [14],	 SiC/Borosilicate	 [16]	
and	mini-SiC/SiC	 [32]	 composites	 are	 predicted	 using	
the present analysis, as shown in Figures 7 ~ 11. The 
material properties of the CMCs are listed in Table 1.
	 For	 the	 SiC/CAS	 composite,	 the	 matrix	 cracking	
evolution	starts	from	the	applied	stress	of	160	MPa	and	
approaches saturation at the applied stress of 278 MPa; 
the	matrix	 cracking	density	 increases	 from	0.3/mm	 to	
the	saturation	value	of	7.1/mm;	the	fibre/matrix	interface	
debonded length increases from 0.7 % to 82.6 %; and the 
broken	fibres	fraction	increases	from	0.01	%	to	2.3	%,	as	
shown in Figure 7.
	 For	the	SiC/CAS-II	composite,	the	matrix	cracking	
evolution	starts	from	the	applied	stress	of	260	MPa	and	
approaches saturation at the applied stress of 354 MPa; 
the	matrix	 cracking	 density	 increases	 from	0.7/mm	 to	
the	saturation	value	of	9.3/mm;	the	fibre/matrix	interface	
debonded length increases from 0.3 % to 40.5 %; and the 
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Figure	5.		The	effect	of	the	fibre	Weibull	modulus	on:	a)	the	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/
matrix interface debonding length (2ld/lc)	versus	 the	applied	stress	curves;	and	c)	 the	broken	fibres	fraction	versus	 the	applied	
cycles	curves.

Figure	6.		The	effect	of	the	fibre	strength	on:	a)	the	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	
interface debonding length (2ld/lc)	versus	 the	applied	stress	curves;	and	c)	 the	broken	fibres	 fraction	versus	 the	applied	cycles	
curves.
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broken	fibres	fraction	increases	from	0.11	%	to	1.2	%,	as	
shown in Figure 8.
	 For	 the	 SiC/SiC	 composite,	 the	 matrix	 cracking	
evolution	starts	from	the	applied	stress	of	240	MPa	and	
approaches saturation at the applied stress of 290 MPa; 
the	 matrix	 cracking	 density	 increases	 from	 1.4/mm	
to	 the	 saturation	 value	 of	 15.8/mm;	 the	 fibre/matrix	
interface debonded length increases from 0 to 27.8 %; 
and	the	broken	fibres	fraction	increases	from	0.07	%	to	
0.41 %, as shown in Figure 9.

	 For	 the	 SiC/Borosilicate	 composite,	 the	 matrix	
cracking	 evolution	 starts	 from	 the	 applied	 stress	 of	
220 MPa and approaches saturation at the applied stress 
of 340 MPa; the matrix cracking density increases from 
0.2/mm	 to	 the	 saturation	 value	 of	 6.4/mm;	 the	 fibre/
matrix interface debonded length increases from 0.8 % 
to	100	%;	and	the	broken	fibres	fraction	increases	from	
0.2 % to 14 %, as shown in Figure 10.
	 For	 the	mini-SiC/SiC	composite,	 the	matrix	 crac-
king	evolution	starts	from	the	applied	stress	of	135	MPa	

Table	1.		The	material	properties	of	the	SiC/CAS,	SiC/CAS-II,	SiC/SiC,	SiC/Borosilicate	and	the	mini-SiC/SiC	composites.

Items	 SiC/CAS	[12]	 SiC/CAS-II	[14]	 SiC/SiC	[14]	 SiC/Borosilicate	[16]	 mini-SiC/SiC	[32]

Ef (GPa) 190 200 200 230 160
Em (GPa) 90 97 300 60 190
Vf 0.34 0.4 0.4 0.31 0.25
rf	(μm)	 7.5	 7.5	 7.5	 8	 6.5
αf (10-6/°C)	 3.3	 4	 4	 3.1	 3.1
αm	(10-6/°C)	 4.6	 5	 5	 3.25	 4.6
τi (MPa) 10 25 50 7.6 15
ζd (J·m-2) 0.4 1.8 2.8 0.2 0.4
m 5 5 5 5 5
σc (GPa) 2 2 2 2 2
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Figure	7.		a)	the	experimental	and	theoretical	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	interface	
debonded length (2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	applied	stress	curve	of	the	
unidirectional	SiC/CAS	composite.

Figure	8.		a)	the	experimental	and	theoretical	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	interface	
debonded length (2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	applied	stress	curve	of	the	
unidirectional	SiC/CAS-II	composite.

 a) b) c)

 a) b) c)
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and approaches saturation at the applied stress of 
240 MPa; the matrix cracking density increases from 
0.1/mm	 to	 the	 saturation	 value	 of	 2.4/mm;	 the	 fibre/
matrix interface debonded length increases from 1 % 
to	89	%;	and	the	broken	fibres	fraction	 increases	from	
0.03 % to 3.35 %, as shown in Figure 11.

CONCLUSIONS

	 In	 this	 paper,	 the	 effect	 of	 fibre	 fracture	 on	 the	
matrix	 multi-cracking	 development	 of	 the	 CMCs	 has	
been	investigated.	The	shear-lag	model	combined	with	
the	fibre	 fracture	model	 and	 the	fibre/matrix	 interface	
debonding	criterion	has	been	adopted	to	analyse	the	fibre	
and matrix axial stress distribution inside the damaged 
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Figure	10.		a)	the	experimental	and	theoretical	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	interface	
debonded length (2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	applied	stress	curve	of	the	
unidirectional	SiC/Borosilicate	composite.

Figure	9.		a)	the	experimental	and	theoretical	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	interface	
debonded length (2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	applied	stress	curve	of	the	
unidirectional	SiC/SiC	composite.

Figure	11.		a)	the	experimental	and	theoretical	matrix	cracking	density	versus	the	applied	stress	curves;	b)	the	fibre/matrix	interface	
debonded length (2ld/lc)	versus	the	applied	stress	curves;	and	c)	the	broken	fibres	fraction	versus	the	applied	stress	curve	of	the	
mini-SiC/SiC	composite.

 a) b) c)

 a) b) c)

 a) b) c)
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composite.	 The	 effects	 of	 the	 fibre	 volume	 fraction,	
the	fibre/matrix	 interface	 shear	 stress,	 the	fibre/matrix	
interface	 debonded	 energy,	 the	 fibre	Weibull	modulus	
and	 the	 fibre	 strength	 on	 the	 stress-dependent	 matrix	
multi-cracking	 development	 have	 been	 discussed.	The	
experimental	 matrix	 multi-cracking	 development	 of	
the	unidirectional	SiC/CAS,	SiC/CAS-II,	SiC/SiC,	SiC/
Borosilicate	and	the	mini-SiC/SiC	composites	have	been	
predicted.
●	 With	 an	 increasing	 fibre	 volume	 fraction,	 the	 first	

matrix cracking stress, the matrix saturation cracking 
stress and the cracking density increase, and the 
matrix	cracking	evolves	with	a	higher	applied	stress;	
and	 the	 fibre/matrix	 interface	 debonded	 length	 and	
the	broken	fibres	fraction	decrease.

●	 With	an	increasing	fibre/matrix	interface	shear	stress,	
the	first	matrix	cracking	stress,	 the	matrix	cracking	
saturation stress and the saturation matrix cracking 
density	increase,	the	matrix	cracking	evolves	with	a	
higher	 applied	 stress;	 and	 the	 fibre/matrix	 interface	
debonded length decreases.

●	 With	 an	 increasing	 fibre/matrix	 interface	 debonded	
energy,	 the	 first	matrix	 cracking	 stress	 remains	 the	
same, the matrix saturation cracking stress decreases, 
and the saturation matrix cracking density increase, 
and	the	rate	of	matrix	cracking	development	increases	
due	to	a	decrease	in	the	fibre/matrix	interface	debon-
ding ratio.

●	 With	 an	 increasing	fibre	Weibull	modulus	 and	fibre	
strength,	the	first	matrix	cracking	stress	remains	the	
same, the saturation matrix cracking stress and the 
cracking	density	increase;	and	the	fibre/matrix	inter-
face	debonded	 length	and	 the	broken	fibres	 fraction	
decrease.
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